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Ëåêöèÿ 6


	Ôîðìóëèðîâêà òåîðåìû Ìåíãåðà (âåðøèííûé è ðåáåðíûé âàðèàíòû), òåîðåìà Õîëëà î ñèñòåìàõ ðàçëè÷íûõ ïðåäñòàâèòåëåé è òåîðåìà Ê¸íèãà î íåçàâèñèìûõ êëåòêàõ â ìàòðèöå. 


	Ïóñòü �EMBED Equation.3��� - íåêîòîðûé ãðàô è �EMBED Equation.3���, ïðè÷åì �EMBED Equation.3��� (ò.å. âåðøèíû �EMBED Equation.3��� íå ÿâëÿþòñÿ ñìåæíûìè). Íàáîð âåðøèí �EMBED Equation.3��� íàçûâàåòñÿ (�EMBED Equation.3���)-ðàçäåëÿþùèì, åñëè ïîñëå óäàëåíèÿ èç ãðàôà âñåõ âåðøèí íàáîðà âåðøèíû �EMBED Equation.3��� îêàçûâàþòñÿ íåñâÿçàííûìè (ò.å. îêà-


çûâàþòñÿ â ðàçíûõ ñâÿçíûõ êîìïîíåíòàõ). Åñëè èñõîäíûé ãðàô ñâÿçåí, òî äëÿ êàæäîé ïàðû íåñìåæíûõ âåðøèí �EMBED Equation.3��� âîçíèêàåò ñëåäóþùàÿ õàðàêòåðèñòèêà: ìèíèìàëüíîå ÷èñëî (�EMBED Equation.3���)-ðàç-äåëÿþùèõ âåðøèí; áóäåì â äëèæàéøåì òåêñòå îáîçíà÷àòü ýòî ÷èñëî ñèìâîëîì k. Íàïðèìåð, â ïðèâåäåííîì íèæå ãðàôå ýòî ÷èñëî ðàâíî äâóì, õîòÿ (�EMBED Equation.3���)-ðàçäåëÿþùèõ íàáîðîâ çäåñü íå-ñêîëüêî:
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	Áóäåì, äàëåå, âñÿêóþ öåïü, ñîåäèíÿþùóþ âåðøèíû �EMBED Equation.3��� íàçûâàòü (�EMBED Equation.3���)-öåïüþ; åñëè ó äâóõ (�EMBED Equation.3���)-öåïåé èìååòñÿ îáùàÿ âåðøèíà, îòëè÷íàÿ îò �EMBED Equation.3���, òî áóäåì íàçûâàòü òàêèå äâå (�EMBED Equation.3���)-öåïè âåðøèííî-ïåðåñåêàþùèìèñÿ. Î÷åâèäíî, â êàæäîì ãðàôå äëÿ äàííûõ äâóõ âåð-


øèí �EMBED Equation.3��� ñóùåñòâóåò ñëåäóþùàÿ õàðàêòåðèñòèêà - ìàêñèìàëüíîå ÷èñëî âåðøèííî-íåïåðñåêà-þùèõñÿ (ïîïàðíî) (�EMBED Equation.3���)-öåïåé. Áóäåì â ýòîì òåêñòå îáîçíà÷àòü òîëüêî ÷òî ââåäåííóþ õàðàê-òåðèñòèêó ÷åðåç l. Íåòðóäíî ïîíÿòü, ÷òî âñåãäà �EMBED Equation.3���. Ñôîðìóëèðóåì òåïåðü òåîðåìó Ìåí-


ãåðà: âñåãäà �EMBED Equation.3���. Èëè òî æå ñàìîå ñëîâàìè:


	ìèíèìàëüíîå ÷èñëî (�EMBED Equation.3���)-ðàçäåëÿþùèõ âåðøèí ðàâíî ìàêñèìàëüíîìó ÷èñëó âåðøèííî íåïåðåñåêàþùèõñÿ (ïîïàðíî) (�EMBED Equation.3���)-öåïåé.


 	Ñôîðìóëèðîâàííàÿ òîëüêî ÷òî òåîðåìà íàçûâàåòñÿ âåðøèííûì âàðèàíòîì òåîðåìû Ìåíãåðà. Ñóùåñòâóåò àíàëîãè÷íûé ðåáåðíûé âàðèàíò ýòîé òåîðåìû. Ñôîðìóëèðóåì åãî.


	Â ïðåæíèõ îáîçíà÷åíèÿõ íàáîð ðåáåð �EMBED Equation.3��� íàçûâàåòñÿ (�EMBED Equation.3���)-ðàçäåëÿþùèì, åñëè ïîñëå óäàëåíèÿ ýòèõ ðåáåð èç ãðàôà âåðøòèíû �EMBED Equation.3��� îêàæóòñÿ íåñâÿçàííûìè (ò.å. â ðàçíûõ ñâÿçíûõ êîìïîíåíòàõ). ßñíî, ÷òî ãðàô îáëàäàåò ñëåäóþùåé õàðàêòåðèñòèêîé: ìèíèìàëüíîå ÷èñëî ðåáåð, ñîñòàâëÿþùèõ (�EMBED Equation.3���)-ðàçäåëÿþùèé íàáîð. Îáîçíà÷èì ýòó õàðàêòåðèñòèêó ÷åðåç k. 


	Íàçîâåì, äàëåå, íàáîð (�EMBED Equation.3���)-öåïåé ðåáåðíî íåïåðåñåêàþùèìñÿ (à öåïè ýòîãî íàáîðà - ðåáåðíî íåïåðåñåêàþùèìèñÿ), åñëè ëþáûå äâå öåïè íàáîðà íå èìåþò îáùèõ ðåáåð. Î÷åâèäíî, äëÿ êàæäîãî ãðàôà è ôèêñèðîâàííûõ â íåì âåðøèí �EMBED Equation.3��� ñóùåñòâóåò òàêàÿ õàðàêòåðèñòèêà: ìàêñèìàëüáíîå ÷èñëî ðåáåðíî íåïåðåñåêàþùèõñÿ (�EMBED Equation.3���)-öåïåé. Îáîçíà÷èì ýòó õàðàêòåðèñòèêó ÷åðåç l. Êàê è â ïðåäûäóùåì ñëó÷àå, î÷åâèäíî, ÷òî �EMBED Equation.3���. Ðåáåðíûé âàðèàíò òåîðåìû Ìåíãåðà: âñåãäà �EMBED Equation.3���(èëè ñëîâàìè: ìèíèìàëüíîå ÷èñëî (�EMBED Equation.3���)-ðàçäåëÿþùèõ ðåáåð ðàâíî ìàêñèìàëüíîìó ÷èñëó ðåáåðíî íåïåðåñåêàþùèõñÿ (�EMBED Equation.3���)-öåïåé.


	Ìû ïðîäåìîíñòðèðóåì íà äâóõ ïðèìåðàõ ïëîäîòâîðíîñòü òåîðåìû Ìåíãåðà (â îáîèõ å âàðèàíòàõ - âåðøèííîì è ðåáåðíîì).


	Ïðèìåð 1. Òåîðåìà Õîëëà î ñèñòåìàõ ðàçëè÷íûõ ïðåäñòàâèòå-ëåé. Ïóñòü �EMBED Equation.3��� - íåêîòîðûå ìíîæåñòâà è èìåþòñÿ ýëåìåíòû �EMBED Equation.3���; ýëåìåíòû �EMBED Equation.3��� íàçûâàþòñÿ ñèñòåìîé ðàçëè÷íûõ ïðåäñòàâèòåëåé, åñëè âñå îíè ïîïàðíî ðàçëè÷íû.


	Åñëè ðàññìîòðåòü ìíîæåñòâà �EMBED Equation.3���, òî ñòàíåò ÿñíî, ÷òî ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé ñóùåñòâóåò íå âñåãäà. Òåîðåìà Õîëëà óñòâåðæäàåò: ñèñòåìà ìíî-æåñòâ �EMBED Equation.3��� îáëàäàåò ñèñòåìîé ðàçëè÷íûõ ïðåäñòàâèòåëåé òîãäà è òîëüêî òîãäà, êîãäà â îáúåäèíåíèè ëþáûõ k ìíîæåñòâ èç ÷èñëà äàííûõ �EMBED Equation.3��� èìååòñÿ k ðàçëè÷íûõ ýëåìåíòîâ, �EMBED Equation.3���


	Äëÿ äîêàçàòåëüñòâà ýòîãî ôàêòà ñòðîèòñÿ ñëåäóþùèé ãðàô:


u


������


��S1   S2    ...Sj...    Sn








����s1   s2   ...si...   sm





			


v





Çäåñü �EMBED Equation.3��� - ýëåìåíòû, ñîñòàâëÿþùèå îáúåäèíåíèå �EMBED Equation.3���, à ðåáðî �EMBED Equation.3��� âêëþ÷àåòñÿ òîãäà è òîëüêî òîãäà, êîãäà �EMBED Equation.3���. Èìåííî â ýòîì ãðàôå ôàêò òîãî, ÷òî ìèíèìàëüíîå ÷èñëî �EMBED Equation.3���-ðàçäåëÿþùèõ âåðøèí ðàâíî ìàêñèìàëüíîìó ÷èñëó âåðøèííî íåïåðåñåêàþ-ùèõñÿ �EMBED Equation.3���-öå-ïåé, ìîæíî ïðîèíòåðïðåòèðîâàòü êàê òî, ÷òî ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé ñóøåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà â îáú-åäèíåíèè ëþáûõ k ìíîæåñòâ ñîäåðæèòñÿ íå ìåíåå k ðàçëè÷íûõ ýëåìåíòîâ.	


Ïðèìåð 2. Òåîðåìà Ê¸íèãà î ïîêðûâàþùèõ ëèíèÿõ. Ïóñòü èìååòñÿ íåêîòîðàÿ ìàòðèöà �EMBED Equation.3���, â êîòîðîé âñå ýëåìåíòû ðàâíû ëèáî íóëþ, ëèáî åäèíèöå. Áóäåì ñëîâîì ëèíèÿ îáîçíà÷àòü ëèáî ñòðîêó, ëèáî ñòîëáåö â äàííîé ìàòðèöå. Äâå åäèíèöû â ìàòðèöå áóäåì íà-


çûâàòü íåçàâèñèìûìè, åñëè îíè íå íàõîäÿòñÿ íà îäíîé ëèíèè. Ïðîèçâîëüíûé íàáîð åäèíèö áóäåì íàçûâàòü íàáîðîì íåçàâèñèìûõ åäèíèö, åñëè ëþáûå äâå åäèíèöû â íàáîðå íåçàâèñèìû. Íàêîíåö, íàáîð ëèíèé â äàííîé ìàòðèöå áóäåì íàçûâàòü ïîêðûâàþùèì, åñëè êàæäàÿ åäèíèöà ìàòðèöû ïðèíàäëåæèò õîòü îäíîé ëèíèè íàáîðà.


	Òåîðåìà Ê¸íèãà óòâåðæäàåò: ìàêñèìàëüíîå ÷èñëî íåçàâèñèìûõ åäèíèö ìàòðèöû ðàâíî ìèíèìàëüíîìó ÷èñëó ëèíèé, ñîñòàâëÿþùèõ ïîêðûâàþùèé íàáîð.


	Äëÿ äîêàçàòåëüñòâà è ýòîé òåîðåìû ñòðîèòñÿ òàêîé æå ãðàô, êàê è äëÿ òåîðåìû Õîëëà (îí èçîáðàæåí íà ïîñëåäíåì ðèñóíêå) ñ òîé ëèøü ðàçíèöåé, ÷òî �EMBED Equation.3��� ñòíîâÿòñÿ èìåíàìè ñòðîê äàííîé ìàòðè-öû, �EMBED Equation.3��� - ñòàíîâÿòñÿ èìåíàìè ñòîëáöîâ è ðåáðî �EMBED Equation.3��� âêëþ÷àåòñÿ


òîãäà è òîëüêî òîãäà, êîãäà íà ïåðåñå÷åíèè i-îé ñòðîêè è j-îãî ñòîëáöà ñòîèò â ìàòðèöå åäèíèöà. Ôàêò, ñôîðìóëèðîâàííûé â òåîðåìå Ê¸íèãà, èìåííî â ýòîé ìàòðèöå ïðåâðàùàåòñÿ â âåðøèííûé âàðèàíò òåîðåìû Ìåíãåðà â îòíîøåíèè âåðøèí �EMBED Equation.3���. 
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