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Ëåêöèÿ 5


	Ãàìèëüòîíîâ öèêë è ãàìèëüòîíîâ ãðàô. Óñëîâèÿ Äèðàêà, Îðå è Ïîøà, ãàðàíòèðóþùèå ñóùåñòâîâàíèå â ãðàôå ãàìèëüòîíîâà öèêëà.


	Ïóñòü �EMBED Equation.3��� - íåêîòîðûé ãðàô. Îí íàçûâàåòñÿ ãàìèëüòîíîâûì, åñëè â íåì ñóùåñò-âóåò ïðîñòîé öèêë, ñîäåðæàùèé âñå âåðøèíû ãðàôà. Íàïðèìåð, êàæäûé ïîëíûé ãðàô – ãàìèëü-òîíîâ, ïîòîìó ÷òî â íåì ïðîâåäåíû âñåâîçìîæíûå ðåáðà è, â ÷àñòíîñòè, òå, áëàãîäàðÿ êîòîðûì âîçìîæåí îáõîä ïî âñåì âåðøèíàì. À âîò ïðèìåð ãðàôà, íå ÿâëÿþùåãîñÿ ãàìèëüòîíîâûì:
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Îáùèõ è ëåãêî îñóùåñòâëÿåìûõ äåéñòâèé, ñ ïîìîùüþ êîòîðûõ ìîæíî áûëî áû äîñòîâåðíî âûÿñíèòü, ÿâëÿåòñÿ ëè äàííûé ãðàô ãàìèëüòîíîâûì, íå ñóùåñòâóåò. Îäíàêî, èìåþòñÿ äîñòà-òî÷íûå óñëîâèÿ íà ãàìèëüòîíîâîñòü, êîòîðûå ïðîâåðÿòþòñÿ ëåãêî. Íåäîñòàòîê çäåñü ñîñòîèò â òîì, ÷òî äàæå åñëè íè îäíî èç ýòèõ óñëîâèé íå âûïîëíÿåòñÿ, ãðàô ìîæåò îêàçàòüñÿ ãàìèëüòî-íîâûì. Â äàëüíåéøåì â ýòîé ëåêöèè áóäåò ìîë÷àëèâî ïðåäïîëàãàòüñÿ, ÷òî ÷èñëî âåðøèí â ëþ-áîì ðàññìàòðèâàåìîì ãðàôå íå ìåíüøå òðåõ.


	Èòàê, óñëîâèå ïåðâîå - óñëîâèå Äèðàêà. Ïóñòü �EMBED Equation.3��� - ÷èñëî âåðøèí â äàííîì ãðàôå; åñëè ñòåïåíü êàæäîé âåðøèíû íå ìåíüøå, ÷åì �EMBED Equation.3���, òî ãðàô íàçûâàåòñÿ ãðàôîì Äèðàêà. Ìîæíî äîêà-çàòü, ÷òî êàæäûé ãðàô Äèðàêà îáÿçàòåëüíî ãàìèëüòîíîâ.


	Âîò ïðèìåð ãðàôà Äèðàêà:
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Î÷åâèäíî, ýòîò ãðàô - ãàìèëüòîíîâ. À âîò ïðèìåð ãàìèëüòîíîâà ãðàôà, íå ÿâëÿþùåãîñÿ ãðàôîì Äèðàêà:
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	Óñëîâèå âòîðîå - óñëîâèå Îðå. Ïî-ïðåæíåìó áóäåì îáîçíà÷àòü ÷åðåç �EMBED Equation.3��� êîëè÷åñòâî âåð-øèí â äàííîì ãðàôå. Åñëè äëÿ ëþáîé ïàðû íåñìåæíûõ âåðøèí �EMBED Equation.3��� âûïîëíåíî íåðàâåíñòâî �EMBED Equation.3���, òî ãðàô íàçûâàâàåòñÿ ãðàôîì Îðå (ñëîâàìè: ñòåïåíè ëþáûõ äâóõ íåñìåæíûõ âåðøèí íå ìåíüøå îáùåãî ÷èñëà âåðøèí â ãðàôå). Ìîæíî äîêàçàòü, ÷òî âñÿêèé ãðàô Îðå îáÿçà-òåëüíî ãàìèëüòîíîâ.


	Âîò ïðèìåð ãðàôà Îðå:
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À âîò ïðèìåð ãðàôà, íå ÿâëÿþùåãîñÿ ãðàôîì Îðå è, òåì íå ìåíåå, ãðàôà ãàìèëüòîíîâà:


������										


													


											


										


Íåòðóäíî çàìåòèòü, ÷òî âñÿêèé ãðàô Äèðàêà àâòîìàòè÷åñêè ÿâëÿåòñÿ ãðàôîì Îðå. Íî âîò ïðèìåð ãðàôà Îðå, íå ÿâëÿþùåãîñÿ ãðàôîì Äèðàêà:
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	Óñëîâèå òðåòüå - óñëîâèå Ïîøà. Ýòî - áîëåå ñëîæíàÿ êîíñòðóêöèÿ. Ââåäåì ñëåäóþùóþ ôóíêöèþ �EMBED Equation.3��� öåëîãî íåîòðèöàòåëüíîãî àðãóìåíòà �EMBED Equation.3���. Ñíà÷àëà çàïèøåì îïðåäåëåíèå ôîðìóëîé, à çàòåì ïðîêîììåíòèðóåì åãî. Èòàê, ðå÷ü èäåò ïî-ïðåæíåìó î ãðàôå �EMBED Equation.3���,


äëÿ êîòîðîãî è ñòðîèòñÿ ôóíêöèÿ �EMBED Equation.3���:


�EMBED Equation.3���;


íàïèñàííîå îçíà÷àåò, ÷òî ôóíêöèÿ �EMBED Equation.3��� â êàæäîì öåëîì íåîòðèöàòåëüíîì �EMBED Equation.3��� ïðèíèìàåò çíà÷åíèå, ðàâíîå êîëè÷åñòâó âåðøèí ãðàôà �EMBED Equation.3���, ñòåïåíü êîòîðûõ íå ïðåâîñõîäèò �EMBED Equation.3���. Òàêóþ ôóíêöèþ �EMBED Equation.3��� íàçûâàþò ôóíêöèåé Ïîøà ãðàôà �EMBED Equation.3���.


	Äëÿ ïðèìåðà ïîñòðîèì ôóíêöèþ Ïîøà ñëåäóþùåãî ãðàôà:
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Ôóíêöèÿ áóäåò îïèñàíî òàáëè÷íî:
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	Òåïåðü ñôîðìóëèðóåì óñëîâèå Ïîøà.


	Ãðàôîì Ïîøà íàçûâàåòñÿ ãðàô �EMBED Equation.3���, óäîâëåòðÿþùèé ñëåäóþùèì óñëîâèÿì (÷èñëî âåðøèí ýòîãî ãðàôà îáîçíà÷èì ÷åðåç �EMBED Equation.3���, åãî ôóíêöèþ Ïîøà îáîçíà÷èì ÷åðåç �EMBED Equation.3���, ñèìâîë �EMBED Equation.3��� áóäåò îáî-çíà÷àòü öåëîå ÷èñëî):


1) äëÿ �EMBED Equation.3��� âûïîëíÿåòñÿ íåðàâåíñòâî �EMBED Equation.3���;


2) åñëè �EMBED Equation.3��� - öåëîå ÷èñëî, òî ïðè �EMBED Equation.3��� èìååò ìåñòî íåðàâåíñòâî: �EMBED Equation.3���.


	Ìîæíî äîêàçàòü, ÷òî êàæäûé ãðàô Ïîøà îáÿçàòåëüíî ãàìèëüòîíîâ. Ëåãêî çàìåòèòü, ÷òî ïðîñòîé öèêë íà áîëüøîì ÷èñëå âåðøèí ãðàôîì Ïîøà íå ÿâëÿåòñÿ, íî, êîíå÷íî, ÿâÿëÿåòñÿ ãà-ìèëüòîíîâûì ãðàôîì.


	Êðîìå òîãî, íåòðóäíî çàìåòèòü, ÷òî âñÿêèé ãðàô Äèðàêà ÿâëÿåòñÿ ãðàôîì Ïîøà. Òî æå âåðíî è â îòíîøåíèè ãðàôîâ Îðå: êàæäûé ãðàô Îðå ÿâëÿåòñÿ ãðàôîì Ïîøà. Îáðàòíîå â îáîèõ ïîñëåäíèõ ñëó÷àÿõ íåâåðíî.  Âîò ïðèìåð: ôèêñèðóåì êàêîé-íèáóäü ïîëíûé ãðàô íà äîñòàòî÷íî áîëüøîì ÷èñëå âåðøèí; äîáàâèì ê íåìó åùå îäíó âåðøèíó è ñîåäèíèì åå ñ ëþáûìè äâóìÿ âåðøèíàìè â èñõîäíîì ãðàôå; î÷åâèäíî, âíîâü ïîëó÷åííûé ãðàô - ãàìèëüòîíîâ; ôèêñèðóåì


â íåì êàêîé-íèáóäü ãàìèëüòîíîâ öèêë è óäàëèì èç ãðàôà êàêîå-íèáóäü ðåáðî, íå âêëþ÷åííîå â ýòîò öèêë; ïîëó÷åííûé â ðåçóëüòàòå ãðàô áóäåò, êàê íåòðóäíî ïðîâåðèòü, ãðàôîì Ïîøà; îäíàêî, îí íå áóäåò ãðàôîì Îðå - áóäóò ñðàçó äâå ïàðû íåñìåæíûõ âåðøèí, ñóììà ñòåïåíåé êîòîðûõ ìåíüøå ÷èñëà âåðøèí â ãðàôå.
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