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Ëåêöèÿ 10


	Ðàñêðàñêà ãðàôà. Ôîðìóëèðîâêà òåîðåìû î ïÿòè êðàñêàõ. Õðîìàòè÷åñêîå ÷èñëî è àëãîðèòì Çûêîâà âû÷èñëåíèÿ õðîìàòè÷åñêîãî ìíîãî÷ëåíà ãðàôà.


	Ïóñòü �EMBED Equation.3��� è �EMBED Equation.3��� - ëþáàÿ ôóíêöèÿ íà ìíîæåñòâå âåðøèí ñ íàòóðàëüíûìè çíà÷åíèÿìè. Òàêàÿ ôóíêöèÿ íàçûâàåòñÿ ðàñêðàñêîé, åñëè åå çíà÷åíèÿ íà ëþáûõ äâóõ ñìåæíûõ âåðøèíàõ ðàçëè÷íû; çíà÷åíèÿ ðàñêðàñêè, êàê ôóíêöèè, íàçûâàþòñÿ öâåòàìè, òàê ÷òî îòíîñè- òåëüíî ëþáîé ðàñêðàñêè ñìåæíûå âåðøèíû ÿâëÿþòñÿ «ðàçíîöâåòíûìè».


	Ñóùåñòâóåò äàâíÿÿ çàäà÷à î ïîèñêå ìèíèìàëüíîãî ÷èñëà öâåòîâ, êîòîðûìè ìîæíî ðàñêðàñèòü äàííûé ãðàô. Â ïðèíöèïå, îñóùåñòâèòü òàêóþ ðàñêðàñêó äàííîãî ãðàôà ìîæíî ïðÿìûì ïåðåáîðîì âîçìîæíûõ ñèòóàöèé ïî ñëåäóþùåé ñõåìå.


	Çàìåòèì, ÷òî åñëè �EMBED Equation.3���, òî âñÿêàÿ ôóíêöèÿ íà �EMBED Equation.3��� ñ íàòóðàëüíûìè çíà÷åíèÿìè - ýòî òàáëèöà âèäà
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çäåñü â ïåðâîé ñòðî÷êå ïåðå÷èñëåíû âåðøèíû ãðàôà, à âî âòîðîé òå íàòóðàëüíûå ÷èñëà, êîòî-ðûå äàííàÿ ôóíêöèÿ âåðøèíàì ñîïîñòàâëÿåò. Î÷åâèäíî, äîñòàòî÷íî ðàññìàòðèâàòü òå ñèòóàöèè, â êîòîðûõ âñå �EMBED Equation.3���. Ñëåäîâàòåëüíî, îáùåå êîëè÷åñòâî ôóíêöèé âèäà


�EMBED Equation.3��� âïîëíå âû÷èñëÿåìî - ýòî �EMBED Equation.3���. ×àñòü ýòèõ ôóíêöèé - ðàñêðàñêè, ÷àñòü - íåò. Ïðîâåðèòü, ÿâëÿåòñÿ ëè äàííàÿ ôóíêöèÿ ðàñêðàñêîé èëè íåò, ìîæíî ïåðåáèðàÿ âñå ðåáðà èç �EMBED Equation.3���: âûÿñíÿåòñÿ, îäèíàêîâû ëè çíà÷åíèÿ ôóíêöèè íà êîíöàõ ðåáåð. Èìåÿ ïîëíûé ñïèñîê ðàñêðàñîê, ìîæíî íàéòè ñðåäè íèõ òàêèå, äëÿ êîòîðûõ êîëè÷åñòâî çíà÷åíèé ôóíêöèè ìèíèìàëüíî.


	Ñóùåñòâóåò çíàìåíèòàÿ òåîðåìà Ýéëåðà î ðàñêðàñêå ïëîñêèõ ãðàôîâ: âñÿêèé ïëîñêèé ãðàô ìîæíî ðàñêðàñèòü ïÿòüþ öâåòàìè. Íåëüçÿ íå îòìåòèòü, ÷òî ðåàëüíî ïîêà íå íàéäåíî íè îäíîãî ïëîñêîãî ãðàôà, êîòîðûé íåëüçÿ áûëî áû ðàñêðàñèòü ÷åòûðüìÿ öâåòàìè.


	Ìèíèìàëüíîå ÷èñëî öâåòîâ, êîòîðûì ìîæíî ðàñêðàñèòü äàííûé ãðàô �EMBED Equation.3���, íàçû-âàåòñÿ õðîìàòè÷åñêèì ÷èñëîì äàííîãî ãðàôà. Îáîçíà÷àåòñÿ ýòà õàðàêòåðèñòèêà ñèìâîëîì �EMBED Equation.3���. Íàéòè õðîìàòè÷åñêîå ÷èñëî ìîæíî, â ÷àñòíîñòè, ïåðåáîðîì âñåõ ðàñêðàñîê, î êîòîðîì ãîâîðèëîñü âûøå.


	Ìîæíî äîêàçàòü, ÷òî åñëè �EMBED Equation.3��� îáîçíà÷àåò ìàêñèìàëüíóþ ëî-êàëüíóþ ñòåïåíü ãðàôà (, òî ñïðàâåäëèâî íåðàâåíñòâî: �EMBED Equation.3���. Ïðè ýòîì âàæíî ïðåäñòàâëÿòü, ÷òî ðàâåíñòâî �EMBED Equation.3��� ðåàëüíî âîçìîæíî äëÿ íåêîòîðûõ ( (íàïðèìåð, äëÿ ãðàôà (, ïðåäñòàâëÿþùåãî ñîáîé äâå ñîåäèíåííûå âåðøèíû), êàê è íåðàâåíñòâî �EMBED Equation.3��� (íàïðèìåð äëÿ ãðàôîâ òèïà «çâåçäû» -
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êñòàòè, ÷åì áîëüøå ðåáåð â òàêîé êîíñòðóêöèè, òåì áîëüøå �EMBED Equation.3���, à õðîìàòè÷åñêîå ÷èñëî îñòàåòñÿ ðàâíûì 2).


	Áóäåì îáîçíà÷àòü ñèìâîëîì �EMBED Equation.3��� êîëè÷åñòâî ðàñêðàñîê ãðàôà ( ñ ïîìîùüþ�EMBED Equation.3��� öâåòîâ, ïðè÷åì ñëîâà «ñ ïîìîùüþ�EMBED Equation.3��� öâåòîâ» îçíà÷àþò, ÷òî öâåòà «âûáèðàþòñÿ» èç ìíîæåñòâà �EMBED Equation.3���; ÿñíî, ÷òî �EMBED Equation.3��� - ôóíêöèÿ íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë ñî çíà÷åíèÿìè â òîì æå ìíîæåñò- âå.  Ýòà ôóíêöèÿ íàçûâàåòñÿ õðîìàòè÷åñêîé ôóíêöèåé äàííîãî ãðàôà.


	Íåòðóäíî çàìåòèòü, ÷òî åñëè �EMBED Equation.3��� - ïîëíûé ãðàô íà �EMBED Equation.3��� âåðøèíàõ, òî �EMBED Equation.3���. Òàêèì îáðàçîì, äëÿ ïîëíûõ ãðàôîâ õðîìàòè÷åñêàÿ ôóíêöèÿ ÿâëÿåòñÿ ìíîãî÷ëåíîì. Ñóùåñòâóåò òåîðåìà Çûêîâà î õðîìàòè÷åñêèõ ôóíêöèÿõ, áëàãîäàðÿ êîòîðîé âîçíèêàåò ïðàêòè÷åñêàÿ âîçìîæíîñòü ïîñòðîèòü õðîìàòè÷åñêóþ ôóíêöèþ â ÿâíîì âèäå äëÿ ëþáîãî ãðàôà. Äëÿ ôîðìóëèðîâêè ýòîé òåîðåìû òðåáóåòñÿ ïðåäâàðèòåëüíîå ðàçúÿñíåíèå îäíîãî òåðìèíà.


	Ôèêñèðóåì â ãðàôå �EMBED Equation.3��� ëþáûå äâå íåñìåæíûå âåðøèíû �EMBED Equation.3���; ñëîâà «ñòÿíåì (èëè ñêëåèì) ýòè âåðøèíû â îäíó âåðøèíó» îçíà÷àþò ïîñòðîåíèå íîâîãî ãðàôà �EMBED Equation.3���, â êîòîðîì �EMBED Equation.3��� è â êîòîðîì �EMBED Equation.3��� ñîñòîèò èç äâóõ ïîäìíîæåñòâ ðåáåð: ïåðâîå ïîäìíîæåñò-âî - ýòî âñå ðåáðà èç �EMBED Equation.3���, íåèíöèäåíòíûå íè �EMBED Equation.3���, íè �EMBED Equation.3���; âòîðîå ïîäìíîæåñòâî ñîñòîèò èç âñåõ ðåáåð, èíöèäåíòíûõ �EMBED Equation.3���, è âñåõ ïàð �EMBED Equation.3��� òàêèõ, ÷òî �EMBED Equation.3���. Ãåîìåòðè÷åñêè ñêàçàííîå îçíà÷àåò, ÷òî âåðøèíó �EMBED Equation.3��� ñî âñåìè ïðèõîäÿùèìè â íåå ðåáðàìè êàê áû ïðèêëåèâàþò ê âåðøèíå �EMBED Equation.3���, ðàñòÿãèâàÿ ïðè ýòîì íåêîòîðûå ðåáðà. Âîò íåñêîëüêî ïðèìåðîâ ñòÿãèâàíèÿ âåðøèí:
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	Ñôîðìóëèðóåì òåïåðü òåîðåìó Çûêîâà:


	ïóñòü â ãðàôå �EMBED Equation.3��� èìåþòñÿ äâå íåñìåæíûå âåðøèíû �EMBED Equation.3���; òîãäà õðîìàòè÷åñêàÿ ôóíêöèÿ �EMBED Equation.3��� ÿâëÿåòñÿ ñóììîé äâóõ  õðîìàòè÷åñêèõ ôóíêöèé �EMBED Equation.3��� è �EMBED Equation.3���, ãäå ãðàô �EMBED Equation.3��� ïîëó÷àåòñÿ èç �EMBED Equation.3��� ñîåäè-íåíèåì íåñìåæíûõ âåðøèí �EMBED Equation.3��� ðåáðîì, à ãðàô �EMBED Equation.3��� ïîëó÷àåòñÿ èç �EMBED Equation.3��� ñòÿãèâàíèåì âåðøèí �EMBED Equation.3���.


	Ýòà òåîðåìà ïîçâîëÿåò êîíñòðóêòèâíî îïèñûâàòü õðîìàòè÷åñêóþ ôóíêöèþ ëþáîãî ãðà-ôà. Ïðè ýòîì ñëåäóåò ó÷èòûâàòü, ÷òî õðîìàòè÷åñêàÿ ôóíêöèÿ ïîëíîãî ãðàôà - ýòî ñîâåðøåííî êîíêðåòíûé îáúåêò - ìíîãî÷ëåí, - óêàçàííûé âûøå. Ïðèñòóïèì ê ïîñòðîåíèþ õðîìàòè÷åñêîé ôóíêöèè â îáùåé ñèòóàöèè.


	Áóäåì õðîìàòè÷åñêóþ ôóíêöèþ �EMBED Equation.3��� ãðàôà ( îáîçíà÷àòü ãðàôè÷åñêîé èíòåðïðå-òàöèåé ãðàôà (, ò.å. êàðòèíêîé, èçîáðàæàþùåé âåðøèíû è ñîåäèíåþùèå èõ ðåáðà.


	Òàêèì îáðàçîì, åñëè, ê ïðèìåðó, ãðàô ( èìååò âèä


���


��








�


òî ýòà êàðòèíêà è áóäåò îáîçíà÷åíèåì ôóíêöèè �EMBED Equation.3���; åñëè íóæíî áóäåò çàïèñàòü åñòåñòâåí-íîå îáîçíà÷åíèå 4�EMBED Equation.3���, òî áóäåì óïîòðåáëÿòü ñèìâîë:   


���





��				       4													


�





	Èòàê, ïóñòü �EMBED Equation.3��� - ïðîèçâîëüíûé ãðàô; åñëè îí ïîëíûé, òî õðîìàòè÷åñêàÿ ôóíêöèÿ �EMBED Equation.3��� èçâåñòíà; åñëè ãðàô �EMBED Equation.3��� - íåïîëíûé, òî ôèêñèðóåì â íåì ëþáûå äâå íåñìåæíûå âåðøèíû �EMBED Equation.3��� è ïðåäñòàâèì �EMBED Equation.3��� â ñîîòâåòñòâèè ñ òåîðåìîé Çûêîâà:


				�EMBED Equation.3���= �EMBED Equation.3���+�EMBED Equation.3���.


Ê êàæäîìó èç ñëàãàåìûõ â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ïîâòîðíî ïðèìåíèì òåîðåìó Çûêîâà è òàê äàëåå. Íåòðóäíî çàìåòèòü, ÷òî ýòè ïîâòîðíûå ïðèìåíåíèÿ òåîðåìû Çûêîâà ñòàíóò íåâîç-ìîæíûìè, êîãäà â ïðàâîé ÷àñòè îêàæóòñÿ õðîìàòè÷åñêèå ôóíêöèè òîëüêî ïîëíûõ ãðàôîâ. Ïî-ñêîëüêó ïîñëåäíèå îïèñàíû ÿâíî, ïîñòîëüêó è èñõîäíàÿ õðîìàòè÷åñêàÿ ôóíêöèÿ ïîëó÷èòñÿ â ÿâíîì âèäå.


	Áîëåå òîãî, èç ñêàçàííîãî ñëåäóåò, ÷òî âñÿêàÿ õðîìàòè÷åñêàÿ ôóíêöèÿ ÿâëÿåòñÿ ìíîãî-÷ëåíîì (êàê ñóììà ìíîãî÷ëåíîâ). Èìåííî ïîýòîìó õðîìàòè÷åñêóþ ôóíêöèþ ãðàôà íàçûâàþò åãî õðîìàòè÷åñêèì ìíîãî÷ëåíîì.


	Ïðîäåìîíñòðèðóåì ïðèìåð ïîñòðîåíèÿ õðîìàòè÷åñêîãî ìíîãî÷ëåíà:
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=�EMBED Equation.3���.
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