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Ëåêöèÿ 2


	Îïðåäåëåíèå ãðàôà. Âåðøèíû è ðåáðà. Ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ ãðàôà. Ñìåæíîñòü è èíöèäåíòíîñòü. Ëîêàëüíàÿ ñòåïåíü. Ïîäãðàô. Ïîëíûé ãðàô. Ìàòðèöû ñìåæíîñòåé è èíöèäåíöèé. Èçîìîðôèçì ãðàôîâ. 


	Ïóñòü A - ëþáîå ìíîæåñòâî. Îáîçíà÷èì ÷åðåç �EMBED Equation.3��� ìíîæåñòâî âñåõ íåóïîðÿäî÷åííûõ ïàð åãî ðàçëè÷íûõ ýëåìåíòîâ. Íàïðèìåð, åñëè A={1,2,3}, òî �EMBED Equation.3���={(1,2), (1,3), (2,3)}; åñëè A={1,2}, òî �EMBED Equation.3���={(1,2)}. Åñëè A={1}, òî �EMBED Equation.3���, òàê êàê ðàçëè÷íûõ ýëåìåíòîâ â A íåò. Êîãäà â çàïèñè �EMBED Equation.3���={(1,2), (1,3), (2,3)} óêàçûâàåòñÿ ïàðà (1,2), ïîäðàçóìåâàåòñÿ, ÷òî âûðàæå-íèÿ (1,2) è (2,1) îçíà÷àþò îäíî è òî æå: ýòî è îçíà÷àåò, ÷òî ïàðà íåóïîðÿäî÷åííà, ò.å. íå èìååò çíà÷åíèÿ, â êàêîì ïîðÿäêå çàïèñàíû ýåëåìåíòû ïàðû.


	Ãðàôîì íàçûâàåòñÿ ïàðà ìíîæåñòâ �EMBED Equation.3���, ãäå A - ëþáîå íåïóñòîå ìíîæåñòâî, à B�EMBED Equation.3���. Ýëåìåíòû èç A íàçûâàþòñÿ âåðøèíàìè ãðàôà, à ýëåìåíòû èç B - åãî ðåáðàìè. Âîò ïðèìåð ãðàôà:


�EMBED Equation.3���


Îïèøåì òðàäèöèîííóþ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ ãðàôà. Ïóñòü �EMBED Equation.3��� - íåêîòîðûé ãðàô è �EMBED Equation.3���. Ôèêñèðóåì íà ïëîñêîñòè ïðîèç-âîëüíûì îáðàçîì p òî÷åê è ïðîèçâîëüíûì îáðàçîì äàäèì èì â êà÷åñòâå èìåí èìåíà âåðøèí äàííîãî ãðàôà; â èòîãå íà ïëîñêîñòè âîçíèêíóò òî÷êè, îáîçíà÷åííûå êàê �EMBED Equation.3���. Çàòåì äëÿ êàæäîé ïàðû òî÷åê �EMBED Equation.3��� òàêèõ, ÷òî �EMBED Equation.3���, ïðîâåäåì îòðåçîê ïðÿìîé, ñîåäèíÿþùèé òî÷êè �EMBED Equation.3���. Â ðåçóëüòàòå òàêèõ äåéñòâèé âîçíèêíåò íåêîòîðûé ðèñóíîê, êîòîðûé è íàçûâàåòñÿ


ãåîìåòðè÷åñêîé èíòåðïðåòàöèåé ãðàôà. Çàìåòèì, ÷òî îäíîìó è òîìó æå ãðàôó ñîîòâåòñòâóåò ìíîãî ðèñóíêîâ, êîòîðûå ìîãóò áûòü åãî ãåî-ìåòðè÷åñêèìè èíòåðïðåòàöèÿìè. Âîò äâà ðèñóíêà, êàæäûé èç êîòîðûõ ÿâëÿåòñÿ ãåîìåòðè÷åñêîé èíòåðïðåòàöèåé ãðàôà, ïðèâåäåííîãî âûøå â êà÷åñòâå ïðèìåðà:
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	Åñëè â íåêîòîðîì ãðàôå   �EMBED Equation.3���, ãäå �EMBED Equation.3���  �EMBED Equation.3���


�EMBED Equation.3��� ïàðà âåðøèí �EMBED Equation.3��� òàêîâà, ÷òî �EMBED Equation.3���, òî âåðøèíû �EMBED Equation.3��� íàçûâàþòñÿ ñìåæíûìè; â ýòîé ñèòóàöèè êàæäàÿ èç íèõ íàçûâàåòñÿ èíöèäåíòíîé ðåáðó �EMBED Equation.3���, à ðåáðî �EMBED Equation.3��� íàçûâàåòñÿ èíöèäåíòíûì êàæäîé èç âåðøèí �EMBED Equation.3���. Åñëè âåðøèíà �EMBED Equation.3��� è ðåáðî �EMBED Equation.3��� èíöèäåíòíû, òî ïèøóò �EMBED Equation.3���.


	Êîëè÷åñòâî ðåáåð, èíöèäåíòíûõ äàííîé âåðøèíå a íàçûâàåòñÿ åå ñòåïåíüþ èëè ëîêàë-íîé ñòåïåíüþ ãðàôà â âåðøèíå a; ñòåïåíü âåðøèíû a îáîçíà÷àåòñÿ ÷åðåç �EMBED Equation.3���. Â ïðèâåäåííîì âûøå ïðèìåðå ñòåïåíü âåðøèíû «1» ðàâíà 4, ñòåïåíü âåðøèíû «2» ðàâíà 2, ñòåïåíü âåðøèíû «3» ðàâíà 3, ñòåïåíü âåðøèíû «4» ðàâíà 2, ñòåïåíü


âåðøèíû «5» ðàâíà 1. À âîò ïðèìåð ãðàôà ñ ëîêàëüíîé ñòåïåíüþ 0: �EMBED Equation.3���; çäåñü âåðøèíà «3» èìååò ñòåïåíü 0. Âåðøèíû ñî ñòåïåíüþ 0 íàçûâàþòñÿ èçîëèðîâàííûìè.


	Ìîæíî ïðîâåðèòü, ÷òî â ëþáîì ãðàôå êîëè÷åñòâî âåðøèí íå÷åòíîé ñòåïåíè îáÿçàòåëü-íî ÷åòíî.


	Ïóñòü òåïåðü �EMBED Equation.3��� - äâà ãðàôà òàêèõ, ÷òî �EMBED Equation.3��� è �EMBED Equation.3���; òîãäà ãîâîðÿò, ÷òî �EMBED Equation.3��� ÿâëÿåòñÿ ïîäãðàôîì ãðàôà �EMBED Equation.3���. Åñëè â íåêîòðîì ãðàôå �EMBED Equation.3��� ìíîæåñòâî ðåáåð B òàêîâî, ÷òî �EMBED Equation.3���, òî ãðàô íàçûâàåòñÿ ïîëíûì. Çàìåòèì, ÷òî åñëè â ïîëíîì ãðàôå ÷èñëî âåðøèí ðàâíî p, òî ÷èñëî ðåáåð ðàâíî �EMBED Equation.3���.


	Ïóñòü ïî-ïðåæíåìó �EMBED Equation.3��� - ãðàô è �EMBED Equation.3��� - åãî âåðøèíû. Ïîñòðîèì êâàäðàòíóþ ìàòðèöó �EMBED Equation.3���, ïîëîæèâ


�EMBED Equation.3���


Î÷åâèäíî, ýòà ìàòðöà ñèììåòðè÷íà. Îíà íàçûâàåòñÿ ìàòðèöåé ñìåæíîñòåé ãðàôà �EMBED Equation.3���. Â ïðèâåäåííîì âûøå ïðèìåðå ãðàôà ìàòðèöà ñìåæíîñòåé òàêîâà:





�EMBED Equation.3���.


Ñîïîñòàâèì ãðàôó �EMBED Equation.3��� åùå îäíó ìàòðèöó. Áóäåì ñ÷èòàòü, ÷òî �EMBED Equation.3��� - ïî-ïðåæíåìó ìíîæåñòâî âåðøèí è ïóñòü �EMBED Equation.3����EMBED Equation.3��� - ìíîæåñòâî ðåáåð. Îïðåäåëèì ìàòðèöó �EMBED Equation.3��� �EMBED Equation.3��� ñëåäóþùèì îáðàçîì:


�EMBED Equation.3���





Ââåäåííàÿ òàê ìàòðèöà N íàçûâàåòñÿ ìàòðèöåé èíöèäåíöèé äàííîãî ãðàôà.


	Î÷åâèäíî, âèä ìàòðèöû ñìåæíîñòåé è âèä ìàòðèöû èíöèäåíöèé ñóùåñòâåííî çàâèñÿò îò òîãî, êàê èìåííî çàíóìåðîâàíû âåðøèíû è ðåáðà. Åñëè â ïðèâåäåííîì âûøå ïðèìåðå ãðàôà ñ÷èòàòü, ÷òî 


�EMBED Equation.3���,


òî ìàòðèöà èíöèäåíöèé áóäåò òàêîé:


�EMBED Equation.3���.


Â êàæäîì ñòîëáöå ìàòðèöû èíöèäåíöèé âñåãäà ðîâíî äâå åäèíèöû, îñòàëüíûå ýëåìåíòû ðàâíû íóëþ. Åñëè â ãðàôå âñå âåðøèíû èìåþò ñòåïåíü íîëü, òî ìàòðèöû èíöèäåíöèé íå ñóùåñòâóåò.


	Íàêîíåö, ââåäåì îäíî èç âàæíåéøèõ ïîíÿòèé â òåîðèè ãðàôîâ - ïîíÿòèå èçîìîðôèçìà ãðàôîâ. Ïóñòü �EMBED Equation.3��� - äâà ãðàôà. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òàêîå îòîáðàæåíèå ìíîæåñòâ âåðøèí �EMBED Equation.3���, ÷òî âûïîëíåíû ñëåäóþùèå ÷åòûðå óñëîâèÿ:


åñëè �EMBED Equation.3���, òî �EMBED Equation.3���;


äëÿ âñÿêîãî �EMBED Equation.3��� ñóùåñòâóåò �EMBED Equation.3��� òàêîé, ÷òî �EMBED Equation.3���;


åñëè �EMBED Equation.3���, òî �EMBED Equation.3���;


äëÿ âñÿêîãî �EMBED Equation.3��� ñóùåñòâóåò òàêîå �EMBED Equation.3���, ÷òî �EMBED Equation.3���


è �EMBED Equation.3���.


	Òîãäà îòîáðàæåíèå f íàçûâàåòñÿ èçîìîðôèçìîì ãðàôîâ �EMBED Equation.3���, à ñàìè ýòè ãðàôû íàçûâàþòñÿ èçîìîðôíûìè. Íåòðóäíî çàìåòèòü, ÷òî ïðè èçîìîðôèçìå êàæäàÿ âåðøèíà ïåðåõîäèò â âåðøèíó ñ òîé æå ñòåïåíüþ. Ïîýòîìó íàâåðíÿêà íåèçîìîðôíû ãðàôû, â ñïèñêå ëîêàëüíûõ ñòåïåíåé êîòîðûõ åñòü ðåçêèå îòëè÷èÿ (íàïðèìåð, â îäíîì ãðàôå åñòü âåðøèíà ñî ñòåïåíüþ 3, à â äðóãîì òàêîé ñòåïåíè âîîáùå íåò). Îäíàêî, ïðîâåðêà äâóõ ãðàôîâ íà èçîìîðôèçì ïðåäñòàâëÿåò ñîáîé íàìíîãî áîëåå òðóäíóþ çàäà÷ó, ÷åì ïðîñòîå ñðàâíåíèå ñòåïåíåé.
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