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Ëåêöèÿ 14


	Ñåòè è ïîòîêè â ñåòÿõ. Ñòàöèîíàðíûå ïîòîêè. Àëãîðèòì Ôîðäà-Ôàëêåðñîíà ïîèñêà ìàêñèìàëüíîãî ñòàöèîíàðíîãî ïîòîêà.


 	Ïóñòü �EMBED Equation.3��� - íåêîòîðûé îðãðàô è �EMBED Equation.3��� âåùåñòâåííî-çíà÷íàÿ ôóíêöèÿ íà ìíîæåñòâå ðåáåð; òîãäà ïàðà �EMBED Equation.3��� íàçûâàåòñÿ ñåòüþ, à ôóíêöèÿ �EMBED Equation.3��� â êîíòåêñòå ñåòè íàçûâà-åòñÿ ôóíêöèåé ïðîïóñêíîé ñïîñîáíîñòè  èëè ïðîïóñêíîé ñïîñîáíîñòüþ ñåòè.


	Âñÿêàÿ ôóíêöèÿ �EMBED Equation.3���, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó �EMBED Equation.3���, íàçûâàåòñÿ ïîòî-êîì â ñåòè. Â îáñóæäåíèè ñâîéñòâ ïîòîêîâ â ñåòè òðàäèöèîííî èñïîëüçóåòñÿ ñëåäóþùåå îáî-çíà÷åíèå:


ïóñòü �EMBED Equation.3��� - ëþáàÿ ôóíêöèÿ è �EMBED Equation.3��� - äâà ëþáûõ ïîäìíîæåñòâà âåðøèí; ñèìâîë �EMBED Equation.3��� áóäåò îáîçíà÷àòü ñóììó çíà÷åíèé ôóíêöèè �EMBED Equation.3��� íà ðåáðàõ �EMBED Equation.3��� òàêèõ, ÷òî �EMBED Equation.3��� è �EMBED Equation.3���; åñëè �EMBED Equation.3��� ñîñòîèò èç åäèíñòâåííîé âåðøèíû �EMBED Equation.3���, òî ñèìâîë �EMBED Equation.3��� îáîçíà÷àåò ñóììó âåñîâ ðåáåð, íà÷èíàþùèõñÿ â �EMBED Equation.3��� è çàêàí÷èâàþùèõñÿ â âåðøèíàõ èç �EMBED Equation.3���;  àíàëîãè÷íûé ñìûñë èìååò ñèìâîë �EMBED Equation.3��� - ñóììà çíà÷åíèé ôóíêöèè �EMBED Equation.3��� íà ðåáðàõ, íà÷èíàþùèõñÿ â �EMBED Equation.3��� è çàêàí÷èâàþùèõñÿ â âåðøèíå �EMBED Equation.3���.


	Ïîòîê �EMBED Equation.3��� â ñåòè  �EMBED Equation.3��� íàçûâàåòñÿ ñòàöèîíàðíûì, åñëè ñóùåñòâóþò äâå âåðøèíû �EMBED Equation.3��� è ÷èñëî �EMBED Equation.3��� òàêèå, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:





	�EMBED Equation.3���





Â ýòîé ñèòóàöèè ÷èñëî �EMBED Equation.3���íàçûâàåòñÿ âåëè÷èíîé ïîòîêà �EMBED Equation.3���, âåðøèíà �EMBED Equation.3���  íàçûâàåòñÿ èñòî÷íè-


êîì, à âåðøèíà �EMBED Equation.3��� - ñòîêîì ïîòîêà  �EMBED Equation.3���. 


	Èçâåñòíà ñëåäóþùàÿ êëàññè÷åñêàÿ çàäà÷à î ìàêñèìàëüíîì ïîòîêå: â äàííîé ñåòè äëÿ äàííîãî èñòî÷íèêà è äëÿ äàííîãî ñòîêà íàéòè ñòàöèîíàðíûé ïîòîê ìàêñèìàëüíî âîçìîæíîé âåëè÷èíû. Ìîæíî äîêàçàòü, ÷òî òàêàÿ çàäà÷à âñåãäà èìååò ðåøåíèå. Îäèí èç ñïîñîáîâ åå ðå- øåíèÿ íàçûâàåòñÿ àëãîðèòìîì Ôîðäà-Ôàëêåðñîíà. Ñôîðìóëèðóåì ýòîò àëãîðèòì ïî øàãàì.


	Øàã 0. Ôèêñèðóåì íà äàííîé ñåòè �EMBED Equation.3��� ñ èñòî÷íèêîì �EMBED Equation.3��� è ñòîêîì �EMBED Equation.3��� ïðîèçâîëüíûé ñòàöèîíàðíûé ïîòîê �EMBED Equation.3���, íàïðèìåð - ïîòîê, òîæäåñòâåííî ðàâíûé íóëþ (ò.å. ðàâíûé íóëþ íà êàæäîì ðåáðå äàííîãî îðãðàôà �EMBED Equation.3���). Íåòðóäíî ïðîâåðèòü, ÷òî òàêîé ïîòîê äåéñòâèòåëü-íî ñòàöèîíàðíûé è èìååò âåëè÷èíó 0.


	Øàã 1.  Îêîëî âåðøèíû �EMBED Equation.3��� ïîñòàâèì ïîìåòêó ñëåäóþùåãî âèäà:


�EMBED Equation.3���.


Çäåñü ñèìâîë �EMBED Equation.3��� îáîçíà÷àåò ÷èñëî, çàâåäîìî ïðåâîñõîäÿùåå âñå ÷èñëà, êîòîðûå áóäóò ó÷àñò-âîâàòü â äàëüíåéøèõ ðàññìîòðåíèÿõ (â ñëó÷àå ïðîãðàììèðîâàíèÿ ýòî - êîìïüþòåðíàÿ áåñêî-íå÷íîñòü, ò.å. ñàìîå áîëüøîå ÷èñëî, äîïóñêàåìîå äàííûì ïðîãðàììíûì ñðåäñò-âîì).


	Çàìå÷àíèå. Ïî÷òè âñå äàëüíåéøèå äåéñòâèÿ ïî àëãîðèòìó ïðåäñòàâëÿþò ñîáîé ðàññòà-íîâêó ïîìåòîê îêîëî íåêîòîðûõ âåðøèí. Öåëü ýòîé ðàññòàíîâêè â òîì, ÷òîáû â êîíöå êîíöîâ ïîñòàâèòü ïîìåòêó ó ñòîêà  �EMBED Equation.3��� èëè óñòàíîâèòü, ÷òî ñòîê �EMBED Equation.3��� ïîìåòèòü íåâîçìîæíî. Â ïåðâîì


ñëó÷àå îêàæåòñÿ âîçìîæíûì çàìåíèòü èìåþùèéñÿ ñòàöèîíàðíûé ïîòîê  �EMBED Equation.3��� íà äðóãîé ñòàöèî-íàðíûé ïîòîê, èìåþùèé âåëè÷èíó, áîëüøóþ, ÷åì âåëè÷èíà ïîòîêà �EMBED Equation.3���. Ïîñëå ýòîãî íàäî áóäåò çàïóñòèòü âñå ñíà÷àëà. Âî âòîðîì ñëó÷àå îêàæåòñÿ, ÷òî èìåþùèéñÿ ïîòîê �EMBED Equation.3��� îïòèìàëåí, ò.å. åãî âåëè÷èíà èìååò ìàêñèìàëüíîå âîçìîæíîå çíà÷åíèå. Êàæäàÿ ïîìåòêà, êðîìå óæå ïðîñòàâëåííîé îêîëî èñòî÷íèêà �EMBED Equation.3���, áóäåò èìåòü âèä �EMBED Equation.3���, ãäå �EMBED Equation.3��� - íåêîòîðîå ÷èñëî, à �EMBED Equation.3��� - èìÿ îäíîé èç âåð-øèí îðãðàôà �EMBED Equation.3���, ïðè÷åì ðåàëüíî â ïîìåòêå ýòî èìÿ �EMBED Equation.3��� áóäåò ëèáî â âèäå �EMBED Equation.3���, ëèáî â âèäå �EMBED Equation.3���.


	Øàã 2. Ïóñòü �EMBED Equation.3��� - íåêîòîðîå ðåáðî, íà÷àëî êîòîðîãî, ò.å. âåðøèíà �EMBED Equation.3���, óæå èìååò íåêîòîðóþ ïîìåòêó �EMBED Equation.3��� (èëè, åñëè �EMBED Equation.3��� - ýòî èñòî÷íèê �EMBED Equation.3���, òî ïîìåòêó �EMBED Equation.3���, ãäå �EMBED Equation.3���). Åñëè �EMBED Equation.3���, ò.å. ïîòîê  �EMBED Equation.3��� ðàâåí íà ðåáåðå �EMBED Equation.3��� ïðîïóñêíîé ñïîñîáíîñòè �EMBED Equation.3���, òî ïîìåòêà ó âåðøèíû �EMBED Equation.3���íå ïðîñòàâëÿåòñÿ. Åñëè æå  �EMBED Equation.3���, òî ïîìåòêà ó âåðøèíû �EMBED Equation.3��� âûñòàâëÿåòñÿ ñëåäóþùèì îáðàçîì.


Íà ïåðâîì ìåñòå â ïîìåòêå áóäåò ñòîÿòü ñèìâîë �EMBED Equation.3���, ò.å. ïîìåòêà áóäåò òàêîé: �EMBED Equation.3���, ãäå ÷èñëî �EMBED Equation.3����EMBED Equation.3���åùå íóæíî íàéòè. Ïîëîæèì


�EMBED Equation.3���.


	Ïóñòü òåïåðü  �EMBED Equation.3��� òàêîå ðåáðî, ó êîòîðîãî ïîìåòêó èìååò êîíåö, ò.å. âåðøèíà �EMBED Equation.3��� èìååò ïîìåòêó  �EMBED Equation.3���. Åñëè �EMBED Equation.3���, òî ïîìåòêó ó âåðøèíû �EMBED Equation.3��� íå âûñòàâëÿþò; åñëè æå �EMBED Equation.3���, òî âåðøèíà �EMBED Equation.3��� ïîëó÷àåò ïîìåòêó �EMBED Equation.3���, ãäå 


�EMBED Equation.3���.


	Ïðîöåäóðà ðàññòàíîâêè ïîìåòîê â ñîîòâåòñòâèè ñ Øàãîì 2 ïðîâîäèòñÿ äî òåõ ïîð, ïîêà íå îêàæåòñÿ ïîìå÷åííîé âåðøèíà �EMBED Equation.3���, èëè äî òåõ ïîð, ïîêà íå âûÿñíèòñÿ, ÷òî âåðøèíó �EMBED Equation.3��� ïîìå-òèòü íåâîçìîæíî. Ìîæíî äîêàçàòü, ÷òî â ïîñëåäíåì ñëó÷àå ïîòîê �EMBED Equation.3���, ñ ïîìîùüþ êîòîðîãî ïðîâîäèëñÿ âåñü Øàã 2, èìååò ìàêñèìàëüíóþ âîçìîæíóþ âåëè÷èíó,  è çàäà÷à ðåøåíà.


	Åñëè æå âåðøèíà �EMBED Equation.3��� îêàçàëàñü ïîìå÷åííîé, òî ïåðåõîäèì ê ñëåäóþùåìó øàãó. Îòìåòèì ïðèíöèïèàëüíóþ ïîäðîáíîñòü: åñëè âåðøèíà �EMBED Equation.3��� îêàçàëàñü ïîìå÷åííîé, òî ÷èñëî, ôèãóðèðóþùåå â ïîìåòêå, îáÿçàòåëüíî ïîëîæèòåëüíî.


	Øàã 3. Ïóñòü âåðøèíà �EMBED Equation.3��� èìååò ïîìåòêó �EMBED Equation.3���. Ìû èçìåíèì ñåé÷àñ ïîòîê  �EMBED Equation.3��� íà íå-ñêîëüêèõ ðåáðàõ äàííîãî ãðàôà, â ðåçóëüòàòå ÷åãî ïîëó÷èòñÿ íîâûé ñòàöèîíàðíûé ïîòîê èç èñòî÷íèêà �EMBED Equation.3��� â ñòîê �EMBED Equation.3���, âåëè÷èíà êîòîðîãî áóäåò íà �EMBED Equation.3��� (ýòî ÷èñëî óêàçàíî â ïîìåòêå ñòîêà �EMBED Equation.3���) áîëüøå âåëè÷èíû ïîòîêà �EMBED Equation.3���.


	Åñëè âåðøèíà �EMBED Equation.3��� èìååò ïîìåòêó �EMBED Equation.3���, òî íà ðåáðå �EMBED Equation.3��� èçìåíèì ïîòîê �EMBED Equation.3���, ïðèáàâèâ ê åãî çíà÷åíèþ íà ýòîì ðåáðå ÷èñëî �EMBED Equation.3���. Åñëè âåðøèíà  �EMBED Equation.3��� èìååò ïîìåòêó  �EMBED Equation.3���, òî íà ðåáðå �EMBED Equation.3��� èçìåíèì ïîòîê �EMBED Equation.3���, âû÷èòàÿ èç åãî çíà÷åíèÿ íà ýòîì ðåáðå ÷èñëî �EMBED Equation.3���.


	Çàòåì ïåðåéäåì ê âåðøèíå �EMBED Equation.3��� è ïðîäåëàåì òî æå, ÷òî òîëüêî ÷òî äåëàëîñü îòíîñèòåëüíî âåðøèíû �EMBED Equation.3���; ïðè ýòîì ïðèáàâëÿòü èëè âû÷èòàòü áóäåì ïðåæíåå ÷èñëî �EMBED Equation.3���. Ïðîäîëæàÿ òàê, â ñî-îòâåòñòâèè ñ ïîìåòêàìè, îòáèðàòü ðåáðà ãðàôà è ìåíÿòü íà íèõ çíà÷åíèå ïîòîêà (íà êàæäîì îò-áèðàåìîì ðåáðå - íà îäíî è òî æå ÷èñëî �EMBED Equation.3���!), ìû ïðèäåì ê èñòî÷íèêó �EMBED Equation.3���. Ýòî áóäåò îçíà÷àòü çàâåðøåíèå èçìåíåíèÿ ïîòîêà. Ìîæíî äîêàçàòü, ÷òî ïîëó÷åííûé â ðåçóëüòàòå ïîòîê ÿâëÿåòñÿ ñòàöèîíàðíûì è åãî âåëè÷èíà íà �EMBED Equation.3��� áîëüøå âåëè÷èíû èñõîäíîãî ïîòîêà  �EMBED Equation.3���.


	Çàòåì íóæíî ïîâòîðèòü âñå ñíà÷àëà ñ óæå íîâûì áàçîâûì ñòàöèîíàðíûì ïîòîêîì.





	Ïðèìåð. Íàéòè ìàêñèìàëüíûé ñòàöèîíàðíûé ïîòîê èç �EMBED Equation.3��� â �EMBED Equation.3��� â ñëåäóþùåé ñåòè (÷èñëà ó ñòðåëîê îçíà÷àþò ïðîïóñêíóþ ñïîñîáíîñòü):
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Ñ÷èòàåì, ÷òî èñõîäíûé ñòàöèîíàðíûé ïîòîê òîæäåñòâåííî ðàâåí íóëþ. Ïðîñòàâëÿåì ïîìåòêó îêîëî âåðøèíû �EMBED Equation.3���: îíà òàêîâà - �EMBED Equation.3���. Âûáèðàåì äàëåå äëÿ ïîìåòêè âåðøèíó �EMBED Equation.3���; ñîîòâåòñò-âóþùàÿ ïîìåòêà:  �EMBED Equation.3���. Âûáèðàåì äàëåå äëÿ ïîìåòêè âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Òåïåðü ïîÿâèëàñü âîçìîæíîñòü ïîìåòèòü è âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà : �EMBED Equation.3���.


	Âîçíèêëà âîçìîæíîñòü ïîòîê óâåëè÷èòü íà 1. Äëÿ ýòîãî íà ðåáðå �EMBED Equation.3��� ïîëîæèì åãî ðàâ-íûì 1 (à íå íóëþ, êàê ýòî áûëî äëÿ èñõîäíîãî  ïîòîêà), òàêæå ðàâíûì 1 íîâûé ïîòîê áóäåò è íà ðåáðàõ �EMBED Equation.3��� è �EMBED Equation.3���. Íà îñòàëüíûõ ðåáðàõ ïîòîê îñòàåòñÿ ðàâíûì íóëþ. 


	Íîâûé ïîòîê èìååò âåëè÷èíó 1, îí ñòàöèîíàðåí ñ èñòî÷íèêîì �EMBED Equation.3��� è ñòîêîì �EMBED Equation.3���. Ïîâòîðèì òåïåðü ïðîöåäóðó ñíà÷àëà, ñòðåìÿñü ïîñòàâèòü ïîìåòêó ê ñòîêó �EMBED Equation.3���.


	Âåðøèíó �EMBED Equation.3��� ïîìåòèì ïîìåòêîé �EMBED Equation.3���. Äàëåå ïîìåòèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Äàëåå ïîìåòèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Òåïåðü ïîìå-òèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Òåïåðü ñíîâà óâåëè÷èì íà 1 çíà÷åíèÿ ïî-òîêà íà ðåáðàõ �EMBED Equation.3���. Íîâûé ïîòîê áóäåò òîæå ñòàöèîíàðåí, íî óæå âåëè÷èíû 2.


	Âíîâü ïîñòàâèì ïîìåòêó �EMBED Equation.3��� ó âåðøèíû �EMBED Equation.3��� è ïîïûòàåìñÿ óâåëè÷èòü èìåþùèéñÿ ñòàöèîíàðíûé ïîòîê âåëè÷èíû 2.


	Ïîìåòèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Äàëåå ïîìåòèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Äàëåå ïîìå-òèì âåðøèíó �EMBED Equation.3���; ñîîòâåòñòâóþùàÿ ïîìåòêà: �EMBED Equation.3���. Âíîâü èçìåíèì ïîòîê íà 1: ïðèáàâèì 1 ê çíà÷åíèÿì ïðåæíåãî ïîòîêà íà ðåáðàõ �EMBED Equation.3���,


�EMBED Equation.3���. Âíîâü ïîëó÷åííûé ïîòîê èìååò âåëè÷èíó 3.


	Äàëüíåéøèå ïîïûòêè äîñòèãíóòü ïîìåòêàìè âåðøèíó �EMBED Equation.3��� íå èìåþò óñïåõà. Ñëåäîâà-òåëüíî, ìàêñèìàëüíûé ñòàöèîíàðíûé ïîòîê íàéäåí.
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